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• Composite Lattices

Graphene Diatomic chain 

Under homogeneous deformation, each subUnder homogeneous deformation, each sub--lattice undergoes a lattice undergoes a 
homogeneous deformation, but the two subhomogeneous deformation, but the two sub--lattices can move relative to lattices can move relative to 
each other.  Theeach other.  The relative motionsrelative motions are usually called theare usually called the internal modesinternal modes.
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• The standard bridging 
domain method does not 
allow internal modes 
relaxation in the coupling 
domain

Results with the standard BDMResults with fully MM simulation
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• Formulation
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Energy decomposition with  
complementary weight functionscomplementary weight functions

Group the atoms into primary 
and secondary atoms and only only 
constrain the displacements of the constrain the displacements of the 
primary atomsprimary atoms that are in the 
overlapping domain
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• Bond weights
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Bond weight is determined by the weight Bond weight is determined by the weight 
of the secondary atom of the bondof the secondary atom of the bond
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Only applicable on the bonds connecting Only applicable on the bonds connecting 
the primary and secondary atoms.  For the primary and secondary atoms.  For 
nonnon--nearest neighbor interactions, a nearest neighbor interactions, a 
difference weighting scheme is required.difference weighting scheme is required.
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Harmonic potential with nearest neighbor interaction

Numerical Examples Numerical Examples –– 1D1D

l: length of the entire model

lM: length of atomistic model

lC: length of continuum model

lb : bridging domain length

r0 : lattice constant

h: element size



Numerical Examples Numerical Examples –– 1D1D

Conforming modelConforming model – nodes coincide with primary atoms and the 
element size is an integer multiple of the size of the primitive cell

NonNon--conforming modelconforming model – nodes do not coincide with primary atoms

Results with the standard bridging domain method

conforming non- 
conforming

The constraints in standard BDM enforceThe constraints in standard BDM enforce a homogeneous displacement field a homogeneous displacement field 
within each element, whichwithin each element, which suppresses the internal modes suppresses the internal modes of the lattice.of the lattice.



Numerical Examples Numerical Examples –– 1D1D

Results with the relaxed bridging domain method
The relaxed constraints allow theThe relaxed constraints allow the internal modes relaxationinternal modes relaxation..
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• Weight function

Numerical Examples Numerical Examples –– 1D1D
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• Lagrange multipliers

Numerical Examples Numerical Examples –– 1D1D

Diagonal Lagrange multiplier methodDiagonal Lagrange multiplier method

NonNon--diagonal Lagrange multiplier methoddiagonal Lagrange multiplier method
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Numerical Examples Numerical Examples –– 1D1D

Results of a non-conforming coupling model

constant 
weights

linear 
weights

Diagonal Lagrange multiplier method is more accurateDiagonal Lagrange multiplier method is more accurate

For nonFor non--diagonal multiplier method, the error decreases with diagonal multiplier method, the error decreases with 
the element sizethe element size



• Graphene sheet coupled with linear triangular finite elements

• Modified Tersoff-Brenner potential is used for interatomic potential

Numerical Examples Numerical Examples –– 2D2D

Model A : 
one-layer 
overlap

Model B : 
two-layer 
overlap

Error in energy of the 
standard BDM

Error in energy of the 
relaxed BDM

S
S
W

W W
e

W
Δ − Δ

=
Δ

R
R
W

W W
e

W
Δ − Δ

=
Δ

4.19x10-43.78x10-42.77x10-4

6.67x10-36.58x10-36.50x10-3

with Double- 
vacancy defect

with Stone- 
Wales defect

Perfect 
Lattice

S
We
R
We

1.29x10-37.29x10-48.84x10-4

1.55x10-24.29x10-34.41x10-3

with Double- 
vacancy defect

with Stone- 
Wales defect

Perfect 
Lattice

S
We
R
We

2D serial bridging 
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Numerical Examples Numerical Examples –– 2D2D
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The accuracy of the relaxed The accuracy of the relaxed 
BDM is often an order of BDM is often an order of 
magnitude more accurate than magnitude more accurate than 
the standard BDMthe standard BDM

For serial model, increasing For serial model, increasing 
overlapping domain size overlapping domain size 
doesndoesn’’t increase the accuracy t increase the accuracy 
of the resultsof the results

Energy scaling factor is used Energy scaling factor is used 
to match the atomistic and to match the atomistic and 
continuum energy.  The factor continuum energy.  The factor 
is parameter dependent. In the is parameter dependent. In the 
twotwo--dimensional examples dimensional examples 
ββ=0.05 gives the best results. =0.05 gives the best results. 

2D parallel bridging domain model



• The relaxed bridging domain method is an extended 
version of the standard bridging domain method
– Only primary atoms in the overlapping domain are constrained 

by the Lagrange multiplier
– Bond weights are determined by the weights of the secondary 

atoms of the bonds

• The relaxed bridging domain method allows the internal 
modes relaxation
– The improvement is obvious; the energy error is an order of 

magnitude smaller in one-dimensional examples
– The energy error is almost an order of magnitude smaller than 

the results from the standard BDM

• We recommend the diagonal Lagrange multiplier method 
be used with linear weight functions for one- and two- 
dimensional studies. 

ConclusionsConclusions
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